Abstract. In this article, we derive off-diagonal estimates of the Bergman kernel associated to the tensor-powers of the cotangent bundle defined on a hyperbolic Riemann surface of finite volume, when the distance between the points is less than injectivity radius. We then use these estimates to derive estimates of the Bergman kernel along the diagonal. RÉSUME. Dans cet article, nous drivons des estimations non-diagonales du noyau de Bergman associ aux puissances tensorielles du faisceau cotangent dfini sur une surface de Riemann hyperbolique de volume fini, lorsque la distance entre les points est infrieure au rayon d'injectivit. Nous utilisons ensuite ces estimations pour driver des estimations du noyau de Bergman le long de la diagonale.
Introduction
In [1] , using elementary methods from complex analysis, we derive off-diagonal estimates of the Bergman kernel associated to tensor-powers of the cotangent bundle defined on a hyperbolic Riemann surface of finite volume, when the distance between the points is greater than injectivity radius, in both the compact and noncompact setting. In this article, refining the arguments from [1] , we derive off-diagonal estimates of the Bergman kernel, when the distance between the points is less than injectivity radius. This article complements the results from [1] .
Several mathematicians including the likes of Tian, Zelditch, Ma, Marinsecu et al. have derived estimates of Bergman kernels associated to high tensor-powers of line bundles defined over complex manifolds. We refer the reader to the introduction in [1] , for an elaborate discussion on similar results from literature. However, we mention the results from [2] , [3] , and [1] , which have led to the culmination of this article.
Let X be a noncompact Riemann surface, whose natural metric has singularities of Poincaré type at a finite set. Let L be a holomorphic line bundle whose curvature form is a scalar multiple of the hyperbolic metric outside a compact subset of X. In [2] , Auvray, Ma, and Marinescu have derived optimal estimates of C n -norms of the Bergman kernel associated to tensor-powers of L, along the diagonal. Furthermore, in [3] , Auvray, Ma, and Marinescu have derived optimal estimates of C n -norms of the Bergman kernel associated to tensor-powers of L, both along the diagonal, and away from the diagonal. The estimates derived in [2] and [3] also remain stable in covers of Riemann surfaces.
We now state the main results from [1] . Let X be a hyperbolic Riemann surface of finite volume, and let Ω X be the cotangent bundle of X, and let B k Ω X denote the Bergman kernel associated to Ω ⊗k X . Furthermore, let · hyp denote the point-wise hyperbolic metric on Ω ⊗k X . Let z, w ∈ X with δ := d hyp (z, w) ≥ r X , where d hyp (z, w) denotes the geodesic distance between the points z and w on X, and r X is the injectivtiy radius of X, which is as defined in (8) or (9), depending on whether X is compact or noncompact, respectively.
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With hypothesis as above, when X is compact, we have the following estimate
For δ ≫ 0, the above estimate is stronger than the estimate derived in [6] , which was derived in a more general context. We refer the reader to Remark 3.1 in [1] , for further discussion on the above estimate.
We then extend the above estimate to the noncompact setting, and show that the estimates remain stable in covers of Riemann surfaces.
Statement of Main theorem. We now state the main theorem of the article.
Main theorem. With notation as above, for any k ≥ 3, and z = x + iy, w = u + iv ∈ X (identifying X with its universal cover H) with d hyp (z, w) = δ. Then, for r X /2 < δ < r X , when X is compact, we have the following estimate
and when X is noncompact, we have the following estimate
where
For 0 ≤ δ ≤ r X /2, when X is compact, we have the following estimate
and when X is noncompact, without loss of generality, we assume that i∞ (identifying X with its universal cover H) is the only puncture of X. Then, we have the following estimate
Background material
We refer the reader to the section on background material in [1] , for an elaborate discussion on the notation. However, we briefly explain the notation, and recall the results required for the proof of Main theorem.
Let X be a hyperbolic Riemann surface of finite volume, which can be realized as the quotient space Γ \ H, where Γ ⊂ PSL 2 (R) is a cofinite Fuchsian subgroup, and H is the complex upper half-plane. Locally, we identify X with its universal cover H, and hence, for only brevity of notation, we denote the points on X by the same letters as the points on H.
Let d hyp (z, w) denote the hyperbolic distance on H, which is the natural distance function on H. Locally, for any z, w ∈ X, the geodesic distance between the points z and w on X is given by d hyp (z, w).
When X is compact, injectivity radius r X is given by the following formula
and when X is noncompact, it is given by the following formula
where Γ i∞ is the stabilizer of i∞. Here, as stated in Main theorem, identifying X with its universal cover H, we assume that i∞ is the only puncture of X.
Let Ω X denote the cotangent bundle of holomorphic differential 1-forms on X. Then, for any k > 0, the Bergman kernel associated to Ω ⊗k X is given by the following formula
where, for any
The hyperbolic metric on Ω ⊗k X induces the following point-wise hyperbolic metric on B k
For any z = x + iy, w = u + iv ∈ H, and for any γ ∈ Γ, we have the following two formulae
For any z, w ∈ H, combining the above two equations, we derive the following inequality
We now state two inequalities from [5] , which are adapted to our setting. The inequalities give us an estimate for the number of elements in Γ or Γ \ Γ i∞ , depending on whether X is compact or noncompact, respectively.
For any positive, smooth, real-valued, and decreasing function f defined on R ≥0 , and for any δ > r X /2, and z, w ∈ H, we have the following inequality
for any δ > 0, we have the following inequality
In the above inequalities, it is implicitly understood that, when X is compact, Γ i∞ = ∅.
Proof of the Main theorem
Proof of estimate (2). For any k ≥ 3, and z, w ∈ X with r X /2 < d hyp (z, w) = δ < r X , using inequalities (11) and (12), we find that
We now estimate the first term on the right hand-side of the above inequality
From the definition of injectivity radius (equation (8)), it is clear that there can be at most one γ ∈ Γ such that d hyp (γz, w) < r X /2. Furthermore, for any γ ∈ Γ, using triangular inequality, we observe that
From the above observations, we arrive at the following inequality
Using inequality (13), and the hypothesis that δ < r X , and combining it with the observation that cosh(x) ≤ 2 cosh 2 (x/2), for all x ≥ 0, we derive the following inequality
Using the hypothesis that r X /2 < δ < r X , and combining it with the observation that cosh(x) ≤ 2 cosh 2 (x/2), for all x ≥ 0, we arrive at the following estimate for the second term on the right hand-side of inequality (14) 2 cosh r X /4 sinh(δ)
We have the following inequality from inequality (12) in [1] 
Using the above inequality, and the hypothesis that r X /2 < δ < r X , and combining it with the observation that cosh(x) ≤ 2 cosh 2 (x/2), for all x ≥ 0, we derive that
Combining estimates (14), (15), (16), (17), and (19) completes the proof of estimate (2).
Proof of estimate (5). For any k ≥ 3, and z, w ∈ X with 0 ≤ d hyp (z, w) = δ ≤ r X /2, using (12), we find that
We now estimate the first term on the right hand side of the above inequality
, from the definition of injectivity radius (equation (8)), there can be at most one more γ ∈ Γ other than γ = Id such that d hyp (γz, w) ≤ r X /2. So we have
From similar arguments as in inequality (16), we arrive at the following inequality
Using similar arguments as in the proof of estimate (5), we derive the following inequality
Substituting δ = r X in inequality (18), we arrive at the following inequality
Combining estimates (20), (21), (22), (23), and (24) completes the proof of estimate (5).
Proofs of estimates (3) and (6). The proofs of estimates (3) and (6) follow from the proof of estimate (2) from [1] , when combined with the proofs of estimates (2) and (5), respectively. Remark 3.1. With hypothesis as in Main theorem, let X be a compact hyperbolic Riemann surface, and let z, w ∈ X with δ := d hyp (z, w). If r X /2 < δ < r X , a careful analysis of each of the term comprising estimate (2) leads us to the following estimate
for any 0 ≤ δ ≤ r X /2, we have the following estimate
Remark 3.2. With hypothesis as in Main theorem, let X be a compact hyperbolic Riemann surface. Along the diagonal, when z = w ∈ X, from Main theorem, it is easy to derive the following estimate
When X is noncompact, from the proof of Proposition 5.1 in p.11 and p.12 in [4] , it is clear that the Bergman kernel B k Ω X hyp (z, z) takes its maximum value on ∂D, which is the boundary of the following strip
which implies that Therefore, for any z = w ∈ X, combining estimates (28), (29), and (30), we arrive at the following estimate
Estimates (27) and (31) have already been proved in [4] and [3] , using a different approach, and were shown to be optimal. Remark 3.3. From arguments similar to the ones employed in Remark 3.3 in [1] , it is easy to show that estimates (25), (26), (27), and (31) remain stable in covers of Riemann surfaces.
